Abstract. We revisit the study of (A)dS black holes in Lovelock theories. We present a new tool that allows to attack this problem in full generality. In analyzing maximally symmetric Lovelock black holes with non-planar horizon topologies many distinctive and interesting features are observed. Among them, the existence of maximally symmetric vacua do not supporting black holes in vast regions of the space of gravitational couplings, multi-horizon black holes, and branches of solutions that suggest the existence of a rich diagram of phase transitions. The appearance of naked singularities seems unavoidable in some cases, raising the question about the fate of the cosmic censorship conjecture in these theories. There is a preferred branch of solutions for planar black holes, as well as non-planar black holes with high enough mass or temperature. Our study clarifies the role of all branches of solutions, including asymptotically dS black holes, and whether they should be considered when studying these theories in the context of AdS/CFT.
Introduction
Lovelock gravities are the higher dimensional cousins of general relativity. If one assumes that the spacetime dimensionality is larger than four, the lagrangian that embodies Einstein's paradigm gravity equals geometry, while providing second order Euler-Lagrange equations for the metric tensor, has been constructed by David Lovelock some forty years ago [1] . The simplest Lovelock lagrangian is the well-known GaussBonnet term, that embodies a non-trivial dynamics for the gravitational field in five (or higher) dimensional theories. It has been explored to a large extent, possibly due to the appealing place that five-dimensional gravity occupies since Kaluza and Klein's groundbreaking papers, and also as a consequence of its appearance in string theories at low energies [2] .
Since their inception, a steady attention has been devoted to scrutinize the main properties of Lovelock theories of gravity, their vacuum structure, induced
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cosmologies, hamiltonian formalism, dimensional reduction, wormhole configurations and, most importantly, their black hole solutions, including their formation, stability and thermodynamics. In spite of the abundant literature on the subject, most articles deal with particular cases of the general Lovelock formalism due to the intricacy endowed by the increasing number of coupling constants: there are [ d− 3 2 ] dimensionful quantities (alongside the Newton and cosmological constants) in a d-dimensional theory. For this reason, many investigations on black hole solutions of Lovelock gravities are restricted to one-parameter (zero measure) subspaces in the space of couplings. It is the aim of this article to tackle the existence and main features of Lovelock black holes for arbitrary values of the full set of gravitational couplings.
Despite its debatable phenomenological interest, Lovelock gravities provide an interesting framework from a theoretical point of view for several reasons. As higher dimensional members of Einstein's general relativity family, they allow to explore several conceptual issues of gravity in depth in a broader setup. Among these, we can include features of black holes such as their existence and uniqueness theorems, their thermodynamics, the definition of their mass and entropy, etc. Lovelock theories are perfect toy models to contrast our ideas about gravity. We shall also recall at this point that much efforts have been devoted in the last quarter of a century in high energy physics dealing with scenarios involving higher dimensional gravity, and it is fair to say that at present it is unclear if gravity is a truly four-dimensional interaction.
A final piece of motivation comes from the theoretical framework proposed by Juan Maldacena [3] . The AdS/CFT correspondence establishes a holographic identification between conformal field theories and quantum gravities in higher dimensional AdS spaces. Besides its original maximally supersymmetric formulation, the correspondence seems robust enough to survive its generalization to less supersymmetric scenarios [4] , and even non-supersymmetric [5] , as well as non-stringy realizations [6] (see also the seminal paper [7] ). In particular, even if some caution remarks should be quoted at this point, the AdS/CFT correspondence seems to apply in higher dimensions too.
We know very little about non-trivial conformal field theories in higher dimensions (see [8] for a recent discussion). Still, we can formally compute 2-point and 3-point stress-energy correlation functions and use positivity of the energy to show that the central charges are constrained to certain values [9, 10, 11, 12, 13] (this was originally discussed in the case of four-dimensional CFTs in [14, 15, 16] ). Strikingly enough, these restrictions tantamount to analogous conditions on the gravitational coupling constants due to potential superluminal states propagating at the boundary of AdS that correspond to highly energetic gravitons exploring the bulk [17] . These superluminal states have been proven to exist in the CFT side when positivity of the energy constraints are violated [18] .
Applications of AdS/CFT towards the understanding of the hydrodynamics of CFT plasmas in arbitrary dimensions demand a proper understanding of Lovelock black holes in AdS. This provides the final bit of motivation to pursue the present investigation. Regardless of the phenomenological dimensionality required by these applications, it is customarily the case that pushing some ideas to their extremes, besides verifying their robustness, allows to discover novel features that are hidden in the somehow simpler original formulation (see, for instance, [19] for a beautiful recent example of this statement).
The paper is organized as follows. We give a brief introduction on the main features of Lovelock gravity in section 2. Section 3 is devoted to present our proposal to deal with generic black holes in Lovelock theory. Finding an analytic black hole solution requires to explicitly solve a polynomial equation and we are certainly restricted by the implications of Galois theory; meaningly, quartic is the highest order polynomial equation that can be generically solved by radicals (Abel-Ruffini theorem). However, an implicit but exact solution can be found, and we develop some tools to extract all relevant information, mainly their horizon structure and thermodynamics.
We perform a detailed classification of all possible black hole solutions in section 4, including the case of asymptotically dS solutions, and all possible horizon topologies within maximally symmetric configurations. Section 5 is devoted to study the specific heat of the whole family of black holes and we discuss their local thermodynamic stability. We find that Hawking-Page-like phase transitions should generically be present, a discussion that is part of section 6. Our analysis leads to some puzzles about the cosmic censorship conjecture in Lovelock theories. We end by discussing our results and commenting on some avenues for future research in section 7.
Note added: While finishing the writing up of this article we became aware of related research being pursued by H. Maeda, S. Willison and S. Ray [20] .
Lovelock gravity
Lovelock gravity is the most general second order gravity theory in higher-dimensional spacetimes, and it is free of ghosts when expanding about flat space [1, 21] . The bulk action can be written in terms of differential forms as
G N being the Newton constant in d spacetime dimensions. c k is a set of couplings with length dimensions L 2(k−1) , L being a length scale related to the cosmological constant, while K is a positive integer,
labeling the highest non-vanishing coefficient, i.e., c k>K = 0. R (k) is the exterior product of k curvature 2-forms, R 
The zeroth and first term in (1) correspond, respectively, to the cosmological term and the Einstein-Hilbert action. These are particular cases of the Lovelock theory. It is fairly easy to see that c 0 = L −2 and c 1 = 1 correspond to the usual normalization of these terms, the cosmological constant having the customary value 2Λ = −(d − 1)(d − 2)/L 2 . Either a negative (c 0 = −L −2 ) or a vanishing (c 0 = 0) cosmological constant can be easily incorporated into our approach.
If we consider this action in the first order formalism, we have two equations of motion, for the connection 1-form and for the vierbein. If we vary the action with respect to the connection the resulting equation is proportional to the torsion, T a = d e a +ω a b ∧e b , so we can safely set it to zero as usual, allowing us to compare our results with those coming from the usual tensorial formalism based on the metric.
The second equation of motion is obtained by varying the action with respect to the vierbein. It can be cast into the form
where
, which makes manifest that, in principle, this theory admits K constant curvature vacuum solutions,
Inserting R ab = Λ e a ∧ e b in (4), one finds that the K different cosmological constants are the solutions of the K-th order polynomial
each one corresponding to a different vacuum. The theory will have degenerate behavior whenever two or more effective cosmological constants coincide. This is captured by the discriminant,
whose vanishment leads to a certain locus of the parameter space corresponding to the coupling constants of Lovelock theory. Curiously enough, most of the studies in the context of Lovelock theory have been performed within this degenerate locus. This article aims at making the complementary effort of digging into the non-degenerate
, where Λ k is the vacuum under consideration. We will eventually see that, among the branches of solutions of (6), only one would end up being physically relevant, at least for the high mass or high temperature regime ‡, say Λ = Λ . Degeneracies that do not involve Λ are harmless, our analysis being thus valid for the whole parameter space, except the zero measure set Υ[Λ ] = Υ [Λ ] = 0. ‡ Both regimes are not equivalent and in principle one may have several masses corresponding to different branches in the high temperature regime. All such branches are perturbatively unstable in that limit except the one having infinite mass for infinite temperature [22] .
Lovelock black holes, a novel approach
It has been shown in [23] that Lovelock theories admit asymptotical (A)dS solutions with non-trivial horizon topologies. We can consider for instance solutions with a planar or hyperbolic symmetry as a straightforward generalization of the usual spherically symmetric ansatz,
is the metric of a (d − 2)-dimensional manifold of negative, zero or positive constant curvature (σ = −1, 0, 1 parameterizing the different horizon topologies), and dΩ 2 d−3 is the metric of the unit (d − 3)-sphere. This does not imply that the horizon is just spherical or non-compact. By means of the Killing-Hopf theorem [24] , any complete connected Riemannian manifold of Euclidean signature and constant curvature σ can be written as a quotient space Σ d−2,σ /Γ, where Γ is a discrete subgroup of the isometry group of Σ d−2,σ . Thus, even in (what we shall call) the spherical case, we have nonspherical possibilities; for example, one may take the horizon to be a lens space. Besides, planar or hyperbolic horizons can be made compact in this way.
It has been proven in [25] that these black holes admit a version of Birkhoff's theorem, in such a way that in addition to the SO(d − 1), E d−2 or SO(1, d − 2) isometry groups, these spacetimes admit an extra timelike killing vector (for A, B > 0). This means that these solutions of the field equations are locally isometric to their corresponding static counterparts, which can be found by means of the ansatz
There are extra solutions with different functions in the timelike and radial direction but they are just valid for degenerate values of the cosmological constant [26] . In that case, the most general solution is
for any function f (r). This allows in particular Lifshitz-like solutions f (r) ∼ r 2z for any value of the critical exponent z.
These black hole solutions are all three asymptotic to a maximally symmetric space. Thus, when considering the same curvature for all of them they are locally equivalent, but globally different. They are often referred to as topological black holes for this reason. Using the natural frame,
where a = 2, . . . , d − 1, andR ab = σẽ a ∧ẽ b . The Riemann 2-form reads
If we insert these expressions into the equations of motion, we get
where g = (σ − f )/r 2 . This can be readily solved as
where κ is an integration constant related to the mass of the spacetime [27, 28] , 
and, as the right hand side of the equation does not depend on the Lovelock theory we are considering, the left hand side cannot either. Thus, the relation between κ and the mass must be the same as in Einstein-Hilbert gravity (24) . For arbitrary dimension, the spherically symmetric solutions where found in [29, 30, 31] and their extension to planar and hyperbolic symmetry was given in [32, 23] . Notice that this same expression holds for black holes arising in another class of theories called quasi-topological gravities [33] which, contrary to what happens in Lovelock theories (2), display in principle an unbounded highest curvature power K. We will comment more on this below.
Branches
Notice that (15) leads to K different roots for every value of the radius and, thus, to K different branches associated to each of the cosmological constants (6) (some of them may be imaginary, though), in such a way that g i (r → ∞) = Λ i . For instance, in Gauss-Bonnet (GB) gravity there are two branches that read (c 2 ≡ λL 2 )
each one associated with a different cosmological constant. The discriminant is, in this case, ∆ = 1 − 4λ, and so we need λ ≤ 1/4 in order to have real solutions. λ = 1/4 is the critical value of the GB coupling for which both vacua degenerate. Only one of the solutions, g (−) , is connected to the standard Einstein-Hilbert gravity, in the sense that it reduces to it when λ → 0,
while g (+) blows up in that limit. It will be referred to as the EH-branch. It can be seen that this is the branch corresponding to the intersection of Υ[g] with the vertical axis, g = 0. The K different branches of (15) are continuous functions of the radial coordinate, as long as the roots of a polynomial equation depend continuously on its coefficients [34] , and r enters monotonically in the zeroth order coefficientc 0 (r) ≡ c 0 − κ/r d−1 . When r → ∞, eq. (15) is nothing but the expression leading to the K cosmological constants.
The different Lovelock couplings c k>1 fix the shape of the polynomial Υ[g]. While varying r from ∞ to r + (see Figure 1) , the function g(r) is given by the implicit solution of eq.(15) that graphically corresponds to climbing up (down for negative masses) a given monotonic part of the curve Υ[g] starting from one of its roots (tantamount of a given comological constant). The same kind of analysis can be performed for charged solutions [35] , just by allowing the corresponding extra term in the right hand side of (15) . The metric function g is a monotonic function of r sincec 0 (r) is so and the remaining coefficients are frozen. Then each branch can be identified with a monotonic section of the polynomial Υ[g], and can easily be visualized graphically.
The propagator of the graviton corresponding to the vacuum Λ i is proportional to Υ [Λ i ] in such a way that when Υ [Λ i ] < 0 it has the opposite sign with respect to the Einstein-Hilbert case and thus the graviton becomes a ghost. This generalizes the observation first done by Boulware and Deser [29] , and, because of it, we will be just considering positive slope branches. See [36] for a recent discussion on the subject. All the relevant branches correspond then to positive slope sections of the polynomial and, therefore, g will be considered a monotonically decreasing function of r.
For positive κ the solution runs over the points with positive value for Υ[g] while for negative mass it is the other way around. Either way, every branch always encounters a maximum/minimum, or it grows unboundedly.
For the sake of clarity and the ease of reading, let us first classify the different types of branches that one may encounter when dealing with a Lovelock theory of gravity. The appearance of a given type of branch will depend, in general, on the specific theory considered and on the values of the different coupling constants. On the one hand, we may classify the branches by their asymptotics: AdS, flat or dS branches. In the particular case we are considering, with c 0 = L −2 , there are no asymptotically flat branches. The sign of the cosmological constant corresponding to the EH-branch (when real) is the opposite to c 0 (or, equivalently, the same as the explicit cosmological constant, as in standard Eintein-Hilbert gravity); thus, the EH-branch is asymptotically AdS. Due to the particular features and relevance of this branch, we will consider it separately.
Some of the branches (monotonic sections of the polynomial) may also be associated to complex values of Λ. Therefore, they do not correspond to real metrics and should be disregarded as unphysical. We will refer to these as excluded branches, and to the sector of the parameter space where the EH-branch is excluded as the excluded region. This region has been originally found for the cubic case in [12] (see also [13] ).
We will then exhaustively classify branches on (non-EH) AdS (i.e., not crossing g = 0), EH, dS and excluded branches. The latter, being unphysical, do not need further discussion. The AdS-branches must end at a maximum of the polynomial in order not to cross g = 0. The other two cases may end at a maximum or, else, continue all the way up to g → ∞. We will then consider two subclasses of branches: those (a) continuing all the way to infinity or (b) ending at a maximum. For the AdS-branches we will also consider two subclasses: (a) positive mass and (b) negative mass.
Singularities and horizons
Where are the singularities of these spacetimes located? The simplest way to answer this question is to calculate the curvature scalar and see where it diverges. As it depends on the metric and its derivatives, these divergences can be traced back to those of the first derivative of g,
Then, the metric is regular everywhere except at r = 0 and at points where Υ [g] = 0; that is, whenever the branch we are looking at coincides with any other. In such case,
These are precisely the maxima/minima at which all branches end, except those growing unboundedly (that also approach asymptotically to a singularity located at r = 0). The values of r where this happens exhibit a curvature singularity that prevents from entering a region where the metric becomes complex. This singularity rules out from scratch the possibility of solutions composed of different branches working at different intervals of the radial variable. It can be easily seen that the mass parameter κ must be positive in the planar case (σ = 0) in order for the spacetime to have a well defined horizon. We can actually rewrite eq. (15) as
and realize that the equation admits a vanishing g only when r = r + ≡ (κL 2 )
In the planar case, furthermore, only one branch has a horizon at r + and all the rest display naked singularities. This is so since the polynomial root g = 0 has multiplicity one at r = r + (higher multiplicity would require a vanishing coefficient of the Einstein-Hilbert term). In the case of GB theory, for instance, we can see from eq. (18) that it is g (−) . This is the above mentioned EH-branch, a deformation of the solution to pure EinsteinHilbert theory, and the only branch that remains when turning all the extra couplings off. Since Υ [0] > 0, g(r) in the EH-branch is decreasing close to r + and, thus, it is a relevant branch.
For non-planar horizons the situation is more complicated and, in principle, some of the branches admit horizonful black hole solutions even for negative values of κ. The physical mass of the black hole has to match the one of the matter contained in that region of spacetime. Thus, κ will be considered a positive quantity, except for hyperbolic black holes for which some comments on negative mass solutions shall be made. In [37] , indeed, the formation by collapse of black holes with negative mass has been considered. We shall see that spherical or planar black holes always exhibit a naked singularity in the case of negative mass. The only horizon that may arise for those solutions is a cosmological one. This is the case for negative mass asymptotically dS branches even for hyperbolic topology.
Taking into account that the value of g at the event horizon, r = r + , reads
we can write κ = r
The other way around, the radii of the location of the horizons are given by solutions of the previous equation for any given value of κ. This leads to a more handy formula for the mass
Following the argument used to derive eq. (17) , and taking into account that EinsteinHilbert gravity has a positive energy theorem, we are tempted to conjecture that the same should apply to any Lovelock theory though this has not been proven so far.
This conjectured positivity would not in principle rule out the negative mass solutions mentioned before as it may happen that the positive mass corresponds to the difference of the mass previously defined with the extremal one [38] . We can recast the equation for the horizon, by means of (15) and (23), in such a way that it can be plotted in the (g, Υ[g]) plane,
where the right hand side is just defined for positive/negative values of g + , for σ = ±1, while for σ = 0 the expression is not strictly valid since, in that case, g + exactly vanishes.
Notice that in the high mass limit, κ → ∞, the curve (25) approaches the vertical axis -the planar black hole-regardless of the value of σ. It is interesting to note that monotonicity of the function g implies that every branch of black holes, for (positive mass) hyperbolic or planar topology, can have just one horizon. For σ = 0 we recover just g + = 0, but for σ = 0 we can actually have several possible values for g + (see figure 2) . Nonetheless, the right hand side of (25) is monotonic in g + and each branch corresponds to a monotonic part of the polynomial Υ[g]. We observe that, contrary to what happens for planar topology, there exists the possibility of having several branches with a horizon for σ = 0. Some of them may be discarded by means of Boulware-Deser-like instabilities, while for some other branches horizons will appear or disappear depending on the actual values of the different couplings and κ.
For the case of hyperbolic horizons, as the slopes of both sides have opposite signs, there can just be at most one horizon per branch. In the positive curvature case, the determination of the number of horizons is, however, a non trivial matter. As the slope in both sides of the equation are positive we can even conceive the possibility of them crossing each other several times. We will illustrate this phenomenon below.
Depending on the couplings of Lovelock theory, it may happen that certain branches do not correspond to a proper vacuum. These coefficients fix the shape of the polynomial and, as they vary, some branches can become pathological in reason of their cosmological constant becoming imaginary. This happens whenever a monotonic part of the polynomial ends (towards the left) at a minimum without ever touching the g-axis (see figure 3) . We refer to them as excluded branches. When the EH-branch is excluded we say that we are in the excluded region of the parameter space. These spacetimes have two singularities, one for small values of the radial coordinate at the maximum, and another one for large values of r at the minimum. In the cases where we can just have one horizon, the nakedness of the singularity associated with the minimum cannot be avoided. In the σ = 1 case we may have two (or more) horizons, each of them hiding a singularity and describing a regular spacetime in between. At this point it should be clear that several different kinds of branches may generically arise in Lovelock theory, depending on the topology of the spacetime slicing, the coupling constants and the relevant AdS/dS vacuum. These are schematically summarized in Table 1 .
The existence of at least one horizon fixes hyperbolic topology as the only possible one for AdS branches (see the first row in the table), as well as it sets an upper bound on the mass of such spacetimes (corresponding to r in such plot). It also sets a lower bound if we consider the possibility of negative mass black holes in those branches. Also this sets a lower bound for the spherical black hole in the EH-branches that end up at a maximum, that we call type (b) (or even in those extending all the way to r = 0, named Table 1 . Classification of (non-excluded) branches attending their asymptotics and topology. Black hole solutions exist in those cases where the given branch (in red) intersects the dashed curve: hyperbolic for an AdS-branch (top left), spherical for a dS-branch (bottom right), while only for the EH-branch supports all possible horizon topologies (second row). Spherical black holes in dS-branches exhibit, in addition to the event horizon, a cosmological horizon, r c . We distinguish those branches ending up at extrema of Υ[g], called type (b), from those extending all the way to r = 0, named type (a).
type (a), in the critical case, d = 2K + 1). For dS branches this requirement also fixes the only possible topology admitting an event horizon as spherical at the same time as it imposes a double bound, upper and lower, as will be discussed further later on. The physical or untrapped region of the spacetime (f > 0) is that located to the left of the dashed line in all figures appearing in the table. The region to the right corresponds to the inside of the would be horizon or trapped region (f < 0).
We will also have more untrapped regions inside the black hole in the presence of several black hole horizons. We already mentioned, indeed, the possibility of black hole spacetimes with multiple horizons. This is for instance the case for some regions of the parameter space with (either EH or dS) branches displaying inflection points. The simplest situation where this can be observed is therefore the cubic theory, as shown in figure 4 . This very same behavior will be found in general for some region of the In the green branch we observe the occurrence of two (outer and inner, respectively) horizons, r + and r − . For d = 8 we find a similar behavior with one further inner horizon, three in total.
parameter space in the critical Lovelock theory; for d = 2K + 1 this can be easily understood as we can always construct a polynomial
for large enough α and suitable coefficients, g i > Λ , in order to make the slope everywhere positive for the EH or dS branches with cosmological constant Λ . Then, for κ = α, the polynomial equation has all g i as solutions. Different (positive) g i correspond to different spherical horizons, each degenerate g i giving rise to a degenerate horizon. From this value, varying the mass of the solution the number of horizons will in general change. For the EH-branch, the number of black hole horizons has to be always one for high enough mass, and it is so as well in the low mass regime for d > 2K + 1 as well for the EH as for any dS branch. Thus, we have in general couples of horizons appearing and disappearing depending on the values of the mass. We will always refer as r + to the outermost horizon of the black hole, i.e., the biggest root of (25) besides the cosmological horizon, if present. The very same logic applies to the case of negative mass black holes with hyperbolic horizon. We will comment more on this later.
Thermodynamics
Some aspects of Lovelock black holes thermodynamics have been considered earlier in [39] . In the present subsection we will proceed to a complete analysis including all possible cases and branches. The EH-branch is the only one that does not display naked singularities (at least for σ = 0 or −1). For σ = 1, naked singularities can be prevented by considering a big enough black hole. In that way we also ensure the stability of the black hole, as it happens for the usual Einstein-Hilbert AdS-Schwarzchild black hole. For large r + , we can approximate
which coincides with the planar case. Then, dM/dT > 0 and the black hole is locally thermodynamically stable; it can be put in equilibrium with a thermal bath. In general, this will not happen for small black holes. This points towards the occurrence of Hawking-Page-like phase transitions of the kind interpreted as confinement-deconfinement phase transitions in the corresponding dual conformal plasma [40, 41] , which have been already studied in the case of GB gravity [42, 43] . In order to further investigate these in the case of general Lovelock theories it would be necessary to calculate the free energy (the euclideanized on-shell action) associated with the black hole. This has to be studied in the non-planar case, otherwise scale invariance would only allow for phase transitions at zero temperature. The complicated structure of phase transitions would then be hidden and any black hole will correspond to the stable highest temperature deconfined phase.
If we want to consider CFTs on flat spacetime, we just need to consider flat horizon black holes: i.e., just the EH-branch already discussed in [12] . If we plug the asymptotic behavior of g at infinity,
Thereby, as long as the polynomial factor is positive and the cosmological constant negative,κ is positive: The well-behaved black hole associated with the EH-branch always behaves asymptotically as the usual (positive mass) AdS black hole solution of Einstein-Hilbert gravity. The addition of higher curvature corrections does not change the qualitative behavior of the solution in any meaningful way. These black holes have a well defined temperature
From this expression, however, it is not clear what the sign of the temperature is. The first term is always positive, for positive slope branches and mass. The sign of the second term depends on σ in such a way that it is negative for spherical topology. Then the temperature is trivially positive for positive mass black holes with hyperbolic or planar topology. It is also positive for negative mass AdS black holes as will be explained shortly. This simply derives from the fact that the temperature can just change sign if it vanishes at some intermediate r + , i.e., if the black hole is extremal and the event horizon degenerates (f = 0). This very same logic will ensure the positivity of the temperature of spherical black hole horizons. This will be explained later following a different approach. We will also have negative temperature horizons but this is a common feature of Einstein-Hilbert gravity. For instance, the temperature of the cosmological horizon of pure dS space is negative in our conventions, as it is negative for the inner horizon of a Reissner-Nordstrom black hole, regardless of the asymptotics of the solution. The same will happen here.
One important feature that will be relevant later on, when discussing classical stability, is that the temperature is proportional to the derivative of the mass (24) with respect to the radius of the black hole horizon,
The proportionality factor is exactly the radial derivative of the black hole entropy
We can see that, as long as we are in a branch free from Boulware-Deser instabilities, the radial derivative of the mass and the entropy are positive for T > 0. On the one hand, this will be important when discussing classical instability as the heat capacity of the black hole reads
and then the only factor that can be negative leading to an instability is dT /dr + . On the other hand, if we set the ground state (r + = 0) entropy to vanish, the positivity of (31) implies the positivity of the entropy. Negative values for the entropy may however be encountered [44, 45, 46, 47, 48] in the case of hyperbolic horizons in which such ground state does not exist (also for type (b) spherical solutions). It is actually unclear what is the suitable vacuum solution to be used as a reference state in those cases [49] . The expression for the entropy can be easily obtained by integrating (31) . It is the only magnitude seen so far that cannot be readily expressed in terms of Υ[g],
and it coincides with the entropy obtained by other means like the Wald entropy [50] or the euclideanized on-shell action [44] . The resulting expression for K = 3 coincides with that arising in cubic quasi-topological gravity [33] . We fixed the integration constant such that the entropy vanishes when the horizon radius goes to zero. For planar horizons (g + = 0) this formula reproduces the proportionality of entropy and area of the black hole horizon,
+ , whereas it gets corrections for other topologies. Interestingly enough, it has been recently suggested that this expression can be extended towards the interior of the geometry by performing a radial foliation and replacing g + by g(r); the resulting function, S(r) being interpreted as the information contained inside a given region of the spacetime [19] .
From these quantities we can now compute any other thermodynamic potential such as the Helmholtz free energy,
This magnitude is relevant for processes at constant temperature to analyze the global stability of the solutions. The above expression has degree 2K − 1 in the numerator as a function of g + . Thus, that is the maximal number of zeros that may eventually correspond to Hawking-Page-like phase transitions, provided they have the adequate sign for each topology (see [51] for a concrete example in the Gauss-Bonnet theory). This expression also diverges at a maximum of the polynomial. We will comment further about this below. Another useful application of (30) is to determine the sign of the temperature, which is the same as that of the variation of the mass with respect to the horizon radius. One can easily realize (see figure 5 ) that the sign of the temperature depends just on the direction of the change of sign of the function f across the horizon. If this Figure 5 . Determination of the sign of the temperature for the cosmological and black hole horizon of a dS branch. The cosmological horizon has T c ∝ dκ/dr c < 0 whereas the event horizon of the black hole has T + ∝ dκ/dr + > 0. Recall that sign(δg + ) = −sign(δr + ) and the same holds for every horizon.
sign changes from f < 0 to f > 0 as, for instance, in the cosmological horizon of any asymptotically dS spacetime, the temperature is negative, whereas it is positive in the opposite case. The black hole horizon, as the largest root of (25) , always corresponds to the latter case, separating an untrapped region (f > 0) from a trapped one (f < 0), and as such it always has positive temperature. The inner horizons have alternating signs for the temperature starting from a negative one. Degenerate horizons obviously have zero temperature corresponding to extremal black holes.
Vacuum horizons and Einstein-Hilbert gravity
Let us start this subsection by discussing the horizon structure of the vacuum solutions. The general form of the metric function f is in this case
so it can vanish at r = σ/Λ, whenever σ and Λ have the same sign, thus for hyperbolic AdS and spherical dS spacetimes. These horizons are observer dependent features since these spacetimes are maximally symmetric and, thus, any point can be considered as the origin. The dS case is widely known [52] , this corresponding to the cosmological event horizon. The AdS case is, however, more obscure as long as the horizon is actually cloaking a finite size region in a similar way as a regular black hole horizon does. The black hole horizon is actually just a deformation of this 'vacuum' horizon. This has a problematic interpretation and has led to the proposal that the true ground state for hyperbolic spacetimes is not the massless one, but an extremal negative mass solution [53, 54] . The cosmological horizon of pure dS spacetime has negative temperature, while for the AdS case the temperature is positive as for a regular black hole horizon.
In order to analyze the horizon structure, let us focus on the asymptotically AdS, dS and flat black holes in Einstein-Hilbert gravity with cosmological constant [54] . We include this simple case here for completeness and as an illustration of our method. As clearly depicted in figure 6 , the only case accepting all three distinct topologies without exhibiting naked singularities is the asymptotically AdS configuration, the other two cases being well-defined just for spherical topology. This AdS case, furthermore, has for d = 5. The solid black line corresponds to the critical value of the mass, κ Nariai = 1/4, for dS black holes with spherical horizon. The crossing of these lines with the polynomial gives the possible values for g at the horizon and then of r + (and r c ). For σ = 1 and κ > κ Nariai (or r + > r Nariai ), the asymptotically dS branch describes a big crunch spacetime (f < 0, ∀r) without horizons.
just one horizon for all three topologies. The asymptotically flat spherical black hole has one event horizon as well. The asymptotically dS spherical black hole has in general two horizons: One of them is just the deformation of the cosmological horizon already present in the maximally symmetric solution, while the other corresponds to the black hole. As the mass increases both horizons get closer to each other until, for some critical value of the mass, the so-called Nariai mass,
they actually meet (they disappear for masses above that value). The untrapped region, the spacetime as we usually consider it, is comprised between the two horizons and so for this extremal case it seems to disappear. A proper limiting procedure [55] shows that the geometry remains perfectly regular as κ → κ Nariai , and becomes the geometry of the Nariai solution. This space is the direct product of a dS 2 and a S d−2 , both with the same radius. Above this critical mass, though, it describes a big crunch spacetime.
In the asymptotically AdS case, a negative mass extremal hyperbolic black hole has been proposed as the ground state in Einstein-Hilbert gravity. The same would apply to any Lovelock theory. Black holes with larger (but negative) mass than this extremal one,
have two horizons, in a way reminiscent of the asymptotically dS spherical black hole with positive mass. The difference being that in the asymptotically dS case the two correspond respectively to the cosmological and black hole horizons, while in the AdS case they are the outer and inner horizons of a black hole (see figure 7) . It is worth noticing that for negative masses we are exploring a completely different section of the polynomial than for positive masses, the similarities being just due to the extremely simple form of the polynomial in the case under current analysis. In general, positive and negative mass black holes may have dramatically different features.
As we can easily see in this simple example, the existence of just one black hole horizon in all positive mass cases implies that the singularity at the origin is always spacelike, while it is timelike in the negative mass hyperbolic case due to the presence of two black hole horizons that become degenerate in the extremal limit. In the case where the horizon and the singularity coincide, the nature of the latter is light-like.
Taxonomy of Lovelock black holes
We will study generic features of maximally symmetric Lovelock black holes in a case by case basis, considering the previously introduced classes of black hole branches (table 1) . Some work in this direction has already been done considering just the Gauss-Bonnet case [56, 57] . Let us have a look on the different cases that we can encounter.
The Einstein-Hilbert branch
The Einstein-Hilbert branch is just a deformation of the Schwarzschild-AdS black hole (c 0 = L −2 ) and can be identified as the branch crossing g = 0 with slope Υ [0] = 1, exactly as in the Einstein-Hilbert case, and so the slope will be positive for the whole branch. This condition protects this branch from Boulware-Deser-like instabilities. When real, the cosmological constant associated with this branch is negative and so the spacetime is asymptotically AdS. We can proceed with this analysis in an analogous way for asymptotically dS spaces, just by changing the sign of the explicit cosmological constant in the action c 0 → − Even though the EH-branch is just a deformation of the usual Schwarzschild-AdS black hole, it can be a quite dramatic one. For instance, it may happen that the polynomial has a minimum at g min < 0 (if there are several, g min refers to the lowest one in absolute value), such that Υ[g min ] > 0. A naked singularity would arise for large radius: the solution does not approach AdS asymptotically. This case was first discussed in [13, 12] for third order Lovelock theory and planar topology, but the same applies in the general case for a vast region of the space of parameters that will be named, following the aforementioned reference, the excluded region. In order to avoid the excluded region the value of Υ[g min ] at the biggest negative minimum, g min , has to be negative. The sector of the parameter space where this new kind of singularity appears has to be excluded in general, not only because of its nakedness but in reason of the perturbative instability of the corresponding solution [22] .
For hyperbolic or planar topology, as this branch always crosses g = 0 with positive slope, Υ [0] = 1, it has always a horizon hiding the singularity of the geometry that is located (see table 2 For hyperbolic horizons we have again the possibility of considering negative mass black holes, for masses above a critical value corresponding to the extremal case. This makes no difference with respect to the same situation taking place in an AdS branch and, thus, will be discussed at length below.
The spherical case is quite more involved. For high enough mass, the existence of the horizon is ensured, but this is not the case in general. For the (a) type EH-branch the existence of the horizon can be elucidated by analyzing (25) in the limit of small mass g + → ∞. For the horizon to exist in this limit, we need the right hand side of the equation to be bigger than the left hand side. This is ensured for d > 2K + 1 as in this case the biggest power in the left hand side would be smaller than (d − 1)/2. The existence of a horizon in the small mass limit ensures the existence of (at least) one for all values of the mass, simply due to the continuity of Υ[g].
The case d = 2K + 1 is critical. There will be a minimal mass (κ crit ≤ c K ) below which a naked singularity appears. In principle, for high enough orders of the Lovelock polynomial, more than one horizon can exist but for the critical case, at some point, all of them disappear. The number of black hole horizons determines the type of singularity situated at r = 0, space or timelike. For d > 2K + 1 we will always have an odd number of horizons (taking into account possible degeneracies), since the (spacelike) singularity is in the trapped region of the spacetime. For d = 2K + 1, the number of horizons depends on the value of the mass. For masses above c K the number is odd and at least one horizon will always exist, whereas for masses below this critical mass the number of horizons will change to an even quantity, and will actually disappear at some point.
The case where the EH-branch ends up at a maximum for some positive value of g = g (r = r ), or (b) type branch, is even simpler. There is a critical value of the mass for which r + = r . Below that mass a naked singularity appears. This is very similar to the situation described in the previous paragraph, the only difference being that in that case the radius of the singularity is zero, r = 0.
The simplest example of Lovelock theory is GB gravity [58] , where we have just two branches, one of them suffering from BD instabilities. The remaining branch is thus an EH-branch. For λ > 0 this branch is of the (a) type, extending all the way up to a singularity situated at r = 0. For λ < 0, instead, this branch has a maximum at positive values of g (see figure 8 ). This is a singularity at a finite value of r that may or may not be naked depending on the value of the mass. The mass for which the horizon coincides with the singularity is
For bigger masses we have a well defined horizon while below this bound the singularity becomes naked. Another intriguing possibility, that cannot be observed within the simple setting of GB gravity, is the would be appearance of several black hole horizons. For this to happen we need inflection points in Υ[g], and so the minimal example would be the cubic Lovelock theory. In the critical d = 7 case, we have the possibility of obtaining two black hole horizons for some regions of the space of parameters, while this number is three in higher dimensions. One remarkable thing worth noticing here is that, as couples of horizons appear or disappear when we vary the value of the mass, the value of (the biggest horizon) r + may change discontinuously. Thus, the temperature as a function of the mass also varies discontinuously when crossing the values of κ for which the outermost couple of horizons appear or disappear. One of the sides of the discontinuity has zero temperature (since the black hole is extremal for such critical mass) while the other has finite temperature. We must recall that the inner horizons are in general unstable [59, 60, 61, 62] and this possibly means that we should not trust our solution behind the outermost inner horizon. We may interpret these extremal states as black hole ground states, each one for a given range of masses. These seem naively accessible by evaporation and, thus, point towards a violation of the third law of black hole dynamics [63] . They are in general unstable solutions [64, 65] , though. At low temperatures, this particular branch will have several possible black hole masses and transitions might occur among them and the thermal vacuum [66] . As for temperatures close to zero the free energy essentially coincides with the mass, the globally preferred solution is the less massive one: the vacuum. We will comment more on this later on.
AdS (other than EH) branches
The second class of branches that we describe in what follows are asymptotically AdS black holes different from the EH-branch. The latter will be included just for the discussion of negative mass solutions since the analysis is exactly the same.
Consider first the positive mass solutions, for which the AdS branches always end at a maximum of the polynomial (see table 3 cloaking the singularity fixes the topology of such branches: As the considered sections of the polynomial run over negative values of g, horizons exist just for σ = −1. On the other cases, the solutions describe a spacetime with a timelike naked singularity. The condition for the existence of a horizon sets an upper bound on the mass, κ < κ max , κ max corresponding to the critical value for which the radius of the horizon coincide with that of the singularity (r + = r max ), i.e.,
When we encountered a naked singularity with positive mass in the EH-branch, it corresponded to the low mass limit of a multi-horizon black hole (below a given mass, the two horizons merge and disappear altogether, leaving the singularity naked). The case here is somehow different as the black hole horizon cannot degenerate as we increase the mass approaching the critical value. Thereby, the solution infinitesimally close to the critical one has non-zero temperature, diverging as we approach the bound. This is more reminiscent of the low mass limit of Schwarzschild black holes (ultimately leading to a regular geometry) than of the usual naked singularities in Einstein-Hilbert gravity.
For negative mass solutions, the analysis of the existence of black hole horizons and its number is more involved. The main qualitative feature is the possibility of having a minimum of the polynomial associated to the branch under analysis (see blue and red branches in figure 9 for instance). We will refer to the case without such minimum (blue Figure 9 . Qualitative representation of (positive mass) AdS branches. The blue and red branches will be referred to as type (b1) and (b2) respectively, when considered for negative masses. The green one is an excluded branch. There are asymptotically AdS massive black holes for κ < κ max (red branch), otherwise the geometry displays a naked singularity.
branch) as type (b1) solution and as type (b2) for the other one (red branch). The structure of horizons and the type of singularity will differ in both types of branches. When d = 2K + 1 and the branch we are considering is of (b1) type, there is a minimal mass for which, instead of an extremal regular spacetime with a degenerate horizon, we have a naked singularity (see figure 10) . The temperature also vanishes asymptotically as we decrease the mass. We will not comment further on these kind of solutions as they are gravitationally unstable against perturbations [22] .
In case we have a well defined extremal negative mass black hole, we always have at least two horizons for (b1) type branches and d > 2K +1, as we depart from extremality. For (b2) type branches, however, the inner horizon disappears when its radius coincides with the radius of the singularity, changing its nature from timelike to spacelike, or viceversa. There is a critical mass for which this happens. This is irrelevant for an outside observer who cannot extract information from the inner horizon. Figure 11 shows both kinds of solutions in the simplest case of GB gravity, for (b1) type (λ < 0) and (b2) type (λ > 0), respectively. . In both cases we have two horizons for κ 0 < κ < κ and one for κ < κ. For κ = κ 0 we have a degenerate horizon. The singularity becomes naked for κ ≤ λ − 1/4 in both cases. In higher dimensions, the behavior is qualitatively the same. For the (b2) type branches the singularity is always located at r = L √ −2λ, while it is at the origin in the (b1) case.
Both classes of branches may have several horizons in the presence of inflection points. The (b1) type will always have an even number, except when κ ≥ c K where the smallest horizon disappears. Thus, the singularity at r = 0 is timelike below this critical mass and spacelike above it. The same change of behavior for the singularity appears in the other type of branches with the critical mass being set by the minimum, κ . In the same way as described for spherical black holes in the EH-branch, the couples of horizons appearing or disappearing as a function of the mass translate into discontinuous changes on the temperature. The possibility of having several extremal solutions in one branch amounts to several ground states for different ranges of (negative) masses, with possible transitions among them. At zero temperature, though, one does not have a thermal vacuum to compare with, contrary to what happens at finite temperature. The negative mass black holes are the preferred phase in that regime.
dS branches
The existence of event horizons will again set a series of constraints both on the admitted topologies as well as in the possible values for the mass parameter. For hyperbolic or flat horizons, the metric function f is always negative and the solution describes a big crunch. For σ = 1 the solution may still describe a big crunch if we consider a high enough mass, above the Nariai mass. Slightly below it, at least two horizons exist, the biggest one being the cosmological horizon. Notice that there may be several Nariai masses. Like the EH-branch, the dS branches can end up at a maximum, (b) type, or extend all the way to r = 0 (a) type; red and green branches on figure 12 respectively. For (b) type branches, there is a critical mass, κ min , for which the innermost black hole radius coincides with the radius of the singularity, r − = r . Below that mass, the horizon disappears. A naked singularity will always show up for sufficiently low masses.
For (a) type branches, the same happens if d = 2K + 1 just replacing the critical mass by κ ≡ c K . Again, we cannot avoid naked singularities as we approach arbitrarily low masses. Therefore, the existence of horizons sets, in this case, two bounds for the mass. Above the upper bound the geometry displays a spacelike singularity, whereas below the lower bound it has a naked timelike singularity. For d > 2K + 1, instead, the black hole horizon always exists, all the way down to zero mass. Thus, solely the upper Nariai bound for the mass exists.
Another situation that we may encounter, for d = 2K + 1, is the absence of a Nariai solution. Below a certain critical mass we are faced with a naked singularity, the only remaining horizon being the cosmological one. This is the symmetric situation to the non-existence of extremal negative mass black hole discussed earlier for AdS branches. Mirroring that case, here we also find solutions with a large number of horizons. Their variation, as a function of κ, may translate into discontinuities in the temperature as a function of the mass. The discussion regarding how to interpret this phenomenon is the same as before. 
Heat capacity and local thermodynamic stability
The details of the solutions and the behavior of their associated thermodynamic quantities strongly depend on the particular case under consideration. Therefore, a general thermodynamic analysis is cumbersome. However, once we have described the qualitative features of the different branches of solutions, much and very interesting information can be extracted, most of it arising as universal features of these black hole solutions. For positive mass black holes, the sign of the heat capacity on a BD stable branch, because of (30), depends just on
where the second term (in brackets) seems to be related to the potential felt by perturbations in the shear channel [22] . We did not manage to check classical stability in full generality, but in the regimes of high and low masses. This should not be confused with the stability analysis focusing on perturbations of the black hole solutions (earlier relevant works on this include [67, 68, 69, 70, 71, 72, 73] ). We will just consider solutions possessing event horizons, since they are the only ones with associated thermodynamic variables. Then, taking into account our earlier discussion (see table 1), we will have to deal with hyperbolic AdS branches; hyperbolic, flat and spherical EH-branches and spherical dS branches, classified in different subclasses.
Black holes in the EH-branch
The simplest case to analyze is that of toroidal or planar black holes in the EH-branch. The thermodynamic variables, in this case, do not receive any correction from the higher curvature terms in the action and the expression reduces to the usual formula of EinsteinHilbert gravity,
This expression is positive. Therefore, these black holes are locally thermodynamically stable for all values of the mass. For the EH-branch, the only one admitting all three topologies, the situation is exactly the same for σ = ±1 in the large mass limit. The value of g at the horizon, g + = σ/r 2 + , asymptotically approaches zero from both sides, and the formulas reproduce the planar case. Einstein-Hilbert gravity captures the universal thermodynamic description of Lovelock black holes with large enough mass. It does not capture other features in this regime. For instance, those related to the stability and causality preserving properties of the solutions [12, 13, 74] . EH-branch's black holes in this regime are then always stable. This is also the case for a special class of (maximally degenerated) Lovelock theories whose analysis is not considered in the present article. Those theories admit a single (EH-)branch of black holes [75] . The results there also coincide with the generic analysis for spherical black holes presented here.
It is worth recalling here that for sufficiently large mass, just the EH-branch admits black holes, the other branches describing geometries with naked singularities or big crunch spacetimes.
As we decrease the mass, particular features of the different topologies pop up and we need to consider them separately. Small mass hyperbolic black holes correspond to a smooth deformation of the vacuum. In that regime, the second term inside the brackets of (40) 
Therefore, as g + < 0, the low mass hyperbolic black holes are also stable. Notice, though, that even if both extrema of the spectrum for hyperbolic black holes in the EH-branch are stable, one may encounter unstable intermediate phases. This is not the case in GB gravity (contrary to what is stated in [51] ; the negative specific heat found there corresponds to inner horizons and, thus, does not indicate any instability of the system), where we find that hyperbolic black holes are always locally thermodynamically stable, as can be seen in figure 13 (left), even for negative masses above the extremal one (depicted in red in the figure) . The cubic theory, in turn, as shown in figure (right), already displays intermediate mass hyperbolic black holes which are locally thermodynamically unstable. The extremal hyperbolic black hole can be shown to be always stable from this point of view. It has zero temperature and all black holes with higher masses have positive temperature. Thereby, the heat capacity has to be positive, close enough to this state. In some cases, for d = 2K + 1, the extremal negative mass black hole does not exist. In that situation we may consider, in principle, infinitesimally small black holes, r + → 0, with temperatures approaching zero asymptotically. The singular 'zero size black hole', again, fixes a bound in the mass, and black holes close to that bound are stable, in the same way as the ones close to the extremal black hole.
For spherical black holes we have to distinguish between different cases. In the (a) type, the small black hole limit, r + → 0, may correspond respectively to finite or zero mass for d = 2K + 1 and d > 2K + 1. If the branch is of (b) type, there is a lower bound for the mass of the black hole for which the temperature diverges. When d > 2K + 1, in the low mass regime, dT
Thereby, small spherical black holes in the EH-branch are thermodynamically unstable, in exactly the same way as in the usual Einstein-Hilbert gravity. The situation changes for d = 2K + 1, where the temperature vanishes asymptotically. Therefore, small black holes are stable in odd dimension for the highest order Lovelock gravity (in particular, we need c K > 0 for type (a) EH or dS-branches to exist), whereas they are unstable in all other cases [39] .
For (b) type branches something similar happens as we approach the minimal mass, κ min , set by the local maximum of the polynomial Υ[g]. At this critical mass the temperature diverges, but in this case as we lower the mass. The heat capacity is negative, as we can also infer from (44), taking into account that g + has a positive value. Black holes close enough to the minimal mass one are then unstable. This kind of behavior can be seen for instance in GB gravity (see figure 14) . There is one further possibility when the polynomial is such that it allows for more than one black hole horizon. Then, either for (b) type as well as (a) type solutions (in d = 2K + 1 dimensions), we may still have an event horizon cloaking the singularity for some range of masses below the naive κ min . As we lower the mass further we encounter at least one extremal black hole, which is stable in the same way as the extremal hyperbolic black hole of negative mass. One such case is shown in figure 15 , that corresponds to the cubic polynomial plotted in figure 2 . In general, we may also have unstable regions in between the two stable ones, and also for masses below the extremal one if d > 2K + 1 (see figure 15, right) . This situation does not decisively depend on the dimensionality of spacetime. This case has features of the previously discussed spherical black holes but its behavior is similar to the (negative mass) near extremal hyperbolic black holes.
Hyperbolic black holes in the AdS-branches
Most of the discussion on hyperbolic black holes in the EH-branch also applies, on general grounds, to the AdS-branches. The only difference being that, in general, there is a maximal mass for which the temperature diverges. Thus, close enough to that point the heat capacity has necessarily to be positive and the black hole thermodynamically stable. This can be seen directly from (40), as the heat capacity close to the maximum approaches dT dr
diverging as well when we reach the critical mass. Υ[g + ] is positive due to the positivity of the mass. The second derivative Υ [g + ] is negative as we are close to a maximum, but g + is negative as well. The plot of temperature versus horizon radius will be in general qualitatively similar to that corresponding to the EH-branch, with the difference that the temperature diverges at some finite value of r + .
Spherical black holes in the dS-branches
The low mass regime of the spherical solutions corresponding to dS branches is very similar to that of the EH-branch. The high mass regime, instead, is very different. These black holes may increase their mass until they reach a maximal (so-called Nariai) mass, which is set by the shape of the polynomial. This is an extremal state with zero temperature and, as we reach it from lower mass configurations, the system is thermodynamically unstable close to it. We may construct dS branches of (a) and (b) types using GB gravity with positive cosmological constant (setting c 0 = −L −2 ). In this case, the (b) type branch (figure 16, left) is unstable for all allowed values of the mass, since we are considering d = 5 (which is d = 2K +1 in this case), while a stable region of small black holes appears for (a) type branches ( figure 16, right) [76] . This stable region disappears in higher dimensions. In general, spherical dS branches may have some stable intermediate region, but they are unstable (or even non-existent) for high enough temperature. . The first figure, λ = −0.1, corresponds to a (b) type dS branch. We can identify the zero temperature state in the high mass regime with the Nariai solution. The temperature diverges as we approach the lower bound, κ min , indicated by the dashed blue line. For λ = 0.1, in the second figure, a spherical (a) type dS branch arises. We may identify again the extremal state with maximal mass with the Nariai solution, for which the temperature goes to zero, as well as the radius of the black hole horizon. The 'zero size black hole' has finite mass in this case. For higher dimensions the stable region of small black holes disappears (gray line corresponds to d = 6), the spherical black holes being unstable as their (b) type counterparts. The only difference is that the temperature diverges in the zero mass limit.
Let us summarize the main results of this section. Hyperbolic black holes generically have two stable domains, at low and high temperatures. For intermediate temperatures, these solutions may have more than one possible mass, some of them unstable. The only difference of AdS branches with respect to the EH case is that the high temperature regime has a maximal finite mass in the former.
The case of spherical black holes exhibit quite distinct features. From the thermodynamical point of view, we may distinguish those situations where there is, or there is not, a minimal temperature, T min , for the black holes to exist. In the former case, we do not reach any extremal black hole, neither in the low mass, nor in the high mass regimes. In the case of the EH-branch, for T < T min , only the thermal vacuum may exist whereas, for high enough temperatures, a black hole may exist with two very different masses, one close to κ min (which is unstable) and one very high (stable). For intermediate temperatures close to T min , we may in principle encounter several stable and/or unstable black holes. In the latter case, instead, black hole solutions exist for the whole range of temperatures, except in the case where a dS-branch reaches an extremal state at low as well as at high masses. For the EH-branch, in this situation, we have two stable phases again, one in the low and one in the high temperature regimes. At intermediate temperatures, the black hole may have several possible masses, some of them unstable.
Hawking-Page-like phase transitions
The existence of unstable phases, as well as the several possible black hole solutions at the same temperature, suggest the occurrence of Hawking-Page-like phase transitions, as already observed in the case of Gauss-Bonnet gravity [46, 42] . These phase transitions should be particularly relevant when studying the physics of the dual CFT plasma. In order to analyze this we need to discuss the global stability of the solutions. Any system in thermal equilibrium with an infinite heat reservoir (and thus at constant temperature) will be described by the canonical ensemble, whose relevant thermodynamic potential is the Helmholtz free energy, F . The preferred, and so globally stable, solution is the one that minimizes F . For instance, the free energy of the black hole solution calculated in (34) , is the free energy with respect to the vacuum solution, except for the hyperbolic case where the finite ground state free energy must be subtracted. Therefore, the sign of the free energy determines which solution is globally preferred at any given temperature, the appropriate black hole (if several are possible) or a thermal bath in vacuum.
The general analysis is, again, hard and not very enlightening. We will just concentrate in showing general features of these black hole solutions without entering into the details of the different cases. We will consider the same regimes analyzed for the local stability, as there we can easily find the expression for the free energy. In the planar case the analysis is very simple since the free energy reads
The black hole is then always the preferred solution, as indicated by the negative sign of the free energy, and no phase transitions occur. This will be the situation in the large mass limit of the other topologies in the EH-branch. As for large enough r + the free energy may be as large as one wants, ambiguities on the reference background do not matter in this limit.
Spherical black holes
For spherical black holes, we will restrict our discussion to the two most generic situations. For the EH-branch, we will consider separately the case of having a stable low temperature phase (as in d = 5 GB gravity with positive λ), and the case where a minimal temperature is needed for black hole solutions to exist. The second case is the analog of the usual situation in Einstein-Hilbert gravity. At low temperatures, the thermal vacuum can be considered as the globally stable solution whereas, for higher temperatures, two or more black hole solutions are possible. For high enough temperature just two of them remain. The small one has always positive free energy. For an (a) type branch,
whereas for the (b) type case the temperature diverges as we approach the maximum g + → g , and the free energy is F ≈ −T S. Then, for positive entropy, the small black hole solution has negative free energy and is stable against the vacuum. However, it is not the minimum of the free energy since the big black hole has always a lower one. This is quite easy to see by realizing that the small black hole entropy goes to a constant as we approach g whereas the entropy grows indefinitely for big black holes, since they approach the planar limit. Thus, the small black holes are not just locally but also globally unstable. The big black holes have, in general, negative free energy. We have then a HawkingPage-like phase transition, from the thermal vacuum at low temperatures to big black holes at high temperatures. The difference with respect to the Einstein-Hilbert case is that we may have several black holes at intermediate temperatures, with either sign of the free energy. Recall that, as we saw in (34), F may have up to 2K −1 zeros, that is, it can change sign those many times. Being an odd number, F has different sign for small and big black holes. For ranges of temperature where several black holes have negative free energy, transitions among them may happen, the globally preferred solution being the one with the lowest free energy. This would be an example of a new kind of phase transition, different from the Hawking-Page one, where one of the phases is always the thermal vacuum. Further research on this possibility is currently under scrutiny [66] .
If the EH-branch has stable low temperature black holes, i.e., for (a) type in d = 2K + 1, these are globally unstable as indicated by their positive free energy that asymptotes a constant when r + → 0,
This is very similar to the earlier formula (46) . The same happens for the would be extremal black holes that one may encounter in the EH-branch. In the limit of low temperatures, the free energy coincides with the mass and, as such states have positive mass, they are globally unstable. The globally preferred phase is the thermal vacuum which is the minimal mass solution. Then, again, one has the same kind of transition described in the previous paragraph. Another situation we did not comment at length is the possibility of having negative entropy for the spherical black hole with critical mass, κ min . This happens already in the simplest possible case of GB gravity, for negative λ, where there is a maximum in the EH-branch situated at g = −1/2λ. As pathological as it may seem, the consequence of this from the global stability point of view is clear. Again, the globally preferred solution is the big black hole as before, and the discussion goes through. This is quite general: a negative entropy state necessarily has bigger free energy than the vacuum (characterized by minimal mass and vanishing entropy).
For dS branches the situation at low mass is exactly the same as for spherical solutions in the EH-branch. At low temperatures the free energy approaches the value of the mass and the globally stable phase is always thermal vacuum. For (a) type branches and d > 2K + 1, no high temperature black hole exists, thereby the preferred phase in that regime would be trivially the thermal vacuum and no Hawking-Page-like phase transition seems to occur (see, for instance, [76] , for the GB case). In any other situation (e.g., (b) type branches) with positive entropy, the globally stable solution would be the near-critical black hole approaching the maximum of the polynomial. Therefore, these branches seem to display phase transitions, even though high temperature black holes are locally thermodynamically unstable.
Hyperbolic black holes
For the hyperbolic black holes one may compute the free energy at the high and low temperature regimes as before. As the maximally symmetric space has temperature in this case it is not clear how to use it as a ground state. Instead, we will consider the extremal negative mass black hole as the reference state -with vanishing entropygiven that it can be identified with any temperature [77] §, since the Euclidean section is regular for arbitrary period in imaginary time. Otherwise, the analysis would become trivial with just one or more black hole solutions, no matter the value of the temperature. No Hawking-Page-like phase transitions would occur in that case, just the possibility of transitions among black holes of different masses at intermediate temperatures.
For the EH-branch in the high temperature regime we just have one possible black hole solution. It has negative free energy as it approaches the planar limit and so it is globally preferred. The same happens for the AdS branches, that end up at a maximum of the polynomial. As we approach the critical mass, κ min , the free energy approaches F ≈ −T S that is arbitrarily negative for positive entropy. For negative entropy at the maximum, which corresponds to the biggest possible black hole in the AdS branch, every black hole has negative entropy. In this case the globally preferred phase is the reference state, since it has zero entropy and minimal mass.
For lower temperatures we have to consider black holes close to the extremal one. In the zero temperature limit only these extremal states matter and their free energy is simply given by their mass. Then, the globally preferred phase in that limit is the lowest mass state. For slightly higher temperatures one expects that the globally preferred solution is still described by the same minimal mass extremal state (identified with finite temperature) or the corresponding black hole solution that is just a smooth deformation of it. It is however hard to elucidate in general which of both solutions has the lowest free energy, and then the existence or not of Hawking-Page-like phase transitions.
Discussion
In this paper we presented a novel approach to deal with the full classification and description of black hole solutions with constant curvature horizons in Lovelock gravity. Our proposal allows to treat the generic case where the whole set of Lovelock coupling constants is arbitrary, contrary to most studies existing in the literature where the analysis is restricted to particular cases. Most of these cases, moreover, correspond to degenerate vacua of Lovelock gravity, while our approach is valid in general and is most useful in the non-degenerate case.
We discussed the main features of all possible configurations. In particular, we have established a recipe to scrutinize the number of horizons and their evolution with the mass, something that we expect to be useful to visualize and gain intuition in physical processes involving black holes in such theories: evaporation, mass accretion and appearance of naked singularities [22] .
We presented some general features of Lovelock black holes' thermodynamics, analyzed their local and global stabilities and the possible existence of phase transitions. Even if these solutions show some seemingly pathological features, such as negative values for the entropy, these are avoided if we restrict ourselves to the globally preferred phase.
For asymptotically AdS solutions (either in the EH or AdS-branches), global stability in the high temperature regime always selects the biggest black hole, being the one with biggest entropy. If we apply the same criterium to all possible solutions, regardless of the branch to which they belong, the selected solution is always the one approaching the planar limit, since it is the only one that has arbitrarily big entropy. The comparison of solutions belonging to different branches is not really allowed as they have different asymptotics. The usual euclidean prescription says that we must compare all solutions with the same boundary conditions what certainly includes the asymptotics. However the existence of spherical shock wave solutions [78] separating regions corresponding to different vacua suggest the possible existence of mixed solutions and transitions between branches. In that context, the high temperature phase would always correspond to the universal planar limit [66, 79] . From a holographic point of view, this is consistent with the intuitive idea that effects due to the curvature of spacetime, being overcome by finite temperature effects, are negligible for field theory calculations. This is a new way of addressing the multi-valuedness problem of Lovelock theories.
The usual Einstein-Hilbert gravity admits in principle topological solutions displaying naked singularities. These may arise as a result of a bad choice of topology or as associated to negative mass, below the extremal one for hyperbolic horizons. The latter are just a special case of trans-extremal solutions, where the values of the parameters are chosen in such a way that, an otherwise well defined black hole with positive temperature, is beyond the extremal state. Example of this are the ReissnerNordstrom or the negative mass hyperbolic black holes. In principle, all these situations are ruled out by the cosmic censorship conjecture that states that naked singularities do not form in the evolution of generic initial conditions. For instance, the evaporation process for black holes with several horizons should stop at the extremal state as it has zero temperature and this avoids the formation of trans-extremal solutions in that case.
The situation in generic Lovelock theories of gravity is rather different. For this wide family, there are several situations that suggest a possible violation of the cosmic censorship conjecture, as we have seen analyzing the case of static uncharged black holes.
In addition to the cases pointed out in the previous paragraph, new kinds of naked singularities appear, some of them which naively seem to be formed in the evolution of these black holes. This can happen for the otherwise well-behaved Einstein-Hilbert branch, and it certainly happens generically on the extra 'higher order' (A)dS-branches. Most of these naked singularities arise because the branch of interest ends up at a maximum or a positive (for positive mass) minimum of the Lovelock polynomial. The latter corresponds to a complex cosmological constant associated with this particular branch. The former, in turn, appear in a variety of cases. They constitute a maximal mass for hyperbolic black holes of AdS-branches. They also provide a minimal mass for some spherical black holes in the EH or dS-branches.
The other possibility for naked singularities to appear is just the spherical case in the maximal d = 2K + 1 Lovelock theory, for the EH or dS-branches when they extend all the way to r = 0 without encountering any singularity (maxima or minima of Υ[g]).
In those cases we find a naked singularity for masses below a critical value. Any other possible naked singularity may be considered in the same class as those appearing in Einstein-Hilbert gravity.
As we think of the evolution of the black holes studied in the present paper, we realize that naked singularities seem easy to form, at least naively. Consider for instance the evaporation of spherical black holes. For (b) type EH or dS branches these black holes always reach a critical mass where the horizon coincides with the singularity. At that point the temperature diverges but a finite mass naked singularity remains. The naked singularity inevitably forms. We emphasized the word naively before since the present analysis just considers the thermodynamic stability of the solutions. These solutions are locally and globally unstable, however they are still valid solutions that may form under evolution of generic spherically symmetric initial conditions. A more general analysis is needed to elucidate whether naked singularities may form or not in these theories [22] .
We have fixed, throughout this paper, the values of the cosmological constant and the Newton constant appearing in the lagrangian to their customary values in AdS Lovelock gravities. It is worthwhile mentioning that a straightforward generalization of this work amounts to studying the case of dS Lovelock theories (note that there are AdS vacua also in this case), as well as theories where the Newton constant has negative sign. On the one hand, we shall mention that this sign flip was already considered in the context of three dimensional topologically massive gravity, where it was found that a negative Newton constant is useful to render otherwise negative energy modes harmless for the stability about flat space [80] . Furthermore, in higher dimensions, even though G N < 0, the generic structure of branches discussed in this paper will remain, and there will always be solutions corresponding to well-defined gravities with positive cosmological constant.
In the last few months there were some papers constructing gravitational theories that share some compelling properties with Lovelock lagrangians [81, 82] . In particular, these are lower dimensional theories displaying black hole solutions whose profile precisely correspond to Lovelock black holes [33] . Some of the results of this paper are therefore of direct application to those cases as well. This is particularly interesting due to the fact that quasi-topological gravities are higher curvature theories in dimensions lower than their corresponding Lovelock cousins, thus the results are of interest in more 'physical' setups of AdS/CFT [83] .
Lovelock theories have the remarkable feature that lots of physically relevant information is encoded in the characteristic polynomial Υ[g]. Boulware-Deser-like instabilities, for instance, can be simply written as Υ [Λ] < 0, which has a beautiful CFT counterpart telling us that the central charge, C T , has to be positive. Now, Υ [Λ] can be thought of as the asymptotic value of the quantity Υ [g] that is meaningful in the interior of the geometry, and has to be positive all along the corresponding branch. Naked singularities taking place at extremal points of the polynomial are suggestive of the fact that Υ [g] should be a meaningful entry of the holographic dictionary (see [19] for related ideas) that does not exist in the case of Einstein-Hilbert gravity.
We hope to report on some of these interesting open problems elsewhere.
